Abstract: For extended N ≤ 8 supersymmetry we classify all possible gauge groups for a scalar multiplet allowed by the algebras of global and local supersymmetry in three dimensions. A detailed discussion of supersymmetry enhancement is included. For the corresponding topologically massive gravity with negative cosmological constant the mass of the graviton is determined algebraically as a function of N and the possible gauge couplings.
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Introduction and summary
Superconformal Chern-Simons theories play an important role as conformal field theories describing aspects of M2-branes in string theory, as was suggested in [1] and became clear with the constructions of the BLG [2] [3] [4] [5] and ABJM [6, 7] models with gauge groups SO(4) and U(M ) × U(N ), inheriting N = 8 and N = 6 superconformal symmetry respectively. This motivated the construction and classification of other Chern-Simons-matter theories for various gauge groups, displaying a certain amount of supersymmetry or vice versa. The first of these models were the U(M ) × U(N ) and Sp(M ) × O(N ) theories with N = 4 supersymmetry of [8] . Upon further examination they were found to have also enhanced N = 5 and, for Sp(M ) × O (2) , N = 6 supersymmetry in [9] . A neat group theoretical classification of gauge groups leading to N = 6 supersymmetry followed in [10] . The general superconformal gaugings with N ≤ 8 where then derived in [11] by an approach starting from gauged supergravity. Subsequently, these findings were explained as constraints on possible gauge groups from manifest supersymmetry through superspace approaches for N = 6 and 8 in [12] , [13] and [14] , and similarly for N = 4 and 5 in [15] and [16] . In this work we will reproduce these results for all cases with N ≤ 8 by the superspace method initially employed for N = 6 and 8 in [17] . This approach, which is universal for all N , focuses on the scalar multiplet transforming under spin(N ) and determining the corresponding on-shell field strengths. The analysis therefore deals mainly with properties of the respective spin matrices which can be shared or bequeathed between different values of N . The simplicity of this method allows direct insight into the mechanism of the supersymmetry enhancement noticed in some of the aforementioned references.
An interesting generalisation is the coupling of these theories to superconformal gravity. This was achieved in [18] for N = 6 (ABJM) and for N = 8 in [17] , the latter giving rise to a new theory with SO(N ) gauge symmetry existing only in the presence of the supergravity sector. The superspace point of view was enabled by the invention [19] and elaboration [20] of three dimensional N -extended curved superspace and subsequently by the construction of off-shell actions by the formulation of conformal superspace [21, 22] . Extending the results for N = 6 and 8 in [17] we will analyse the constraints for possible gauge groups in curved superspace for 4 ≤ N ≤ 8. This will lead to some new models for N = 6, 7 and 8, in particular. The following table summarises these findings. Table 1 . Allowed gauge groups for the (spin(N )-chiral) scalar compensator in flat space and additional groups in the presence of supergravity. Subscripts of the group factors indicate the relative coupling constants (or restricted charges), where for N ≥ 6 the Chern-Simons currents corresponding to the right-acting factors will be coupled with opposite sign in the action. Some of the groups with fundamental representation correspond to limits of bifundamental gaugings.
Focusing on the situation in flat superspace we find a collection of admissible gauge groups for N = 4 constituting, in a sequence of increasing N , the first occurrence of a restriction on possible gauge symmetries for fundamental and bifundamental matter (we note in passing that the spin(7) also implies G 2 gauging, as the subgroup preserving some fixed compensator.) The same restriction appears for N = 5. This can be understood by noticing that an N = 4 Clifford representation naturally exhibits the same properties as the chiral one, since the left-and right-handed components transform under different factors of spin(4) = SU(2) × SU (2) , while on the other hand, the N = 4 Clifford representation just coincides with an implementation of the N = 5 spin group USp (4) . Moving to N = 6, many properties of the N = 5 matrices as the chiral blocks are taken along; however, the spin group SU(4) now being manifestly complex prevents the gauging of SO(M ) × Sp(N ) and spin(7) × SU(2) which rely on a reality condition for the matter fields possible in the previous two cases. The nature of an N = 6 Clifford spinor is quite different from that of an N = 4 one. Its left-and right-handed components transform under the SU(4) representations complex conjugate to each other and appear together in the description in terms of a chiral spinor, whereas for N = 4 the two chiral components formed two separate theories. For this reason the gauge groups of the N = 6 chiral matter cannot be expected also to be present for a Clifford spinor. It rather turns out that the only possibility is real SU(2) × SU(2) for a Majorana spinor whose chiral components are complex conjugate to each other. This is then the requirement for enhancement to N = 7. Finally, this realisation of real SU(2) × SU(2) is transferred to N = 8 where the N = 7 spin matrices serve as the chiral blocks.
The additional gauge groups appearing in curved superspace do not show a clear pattern, since the super Cotton tensor which now contributes is of varying rank leading to a different behaviour for each N . The liberation of the U(1) charges in N = 6 is accounted for by the presence of the U(1) R-symmetry factor in supergravity. The similarity between N = 7 and 8 is supported by the existence of real and orthogonal representations of their spin groups. In this conformal case, the gravitationally coupled N = 7 and 8 theories are indeed different (although they admit the same gauge groups), which may be worth pointing out in view of results for Poincaré supergravity (e.g. [23] ).
An interesting application of the gravitationally coupled theories is the realisation of topologically massive gravity (TMG) [17, 18, [24] [25] [26] [27] [28] . It was noted in [18] for N = 6 (ABJM) that the product of the Chern-Simons coupling and the anti-de Sitter radius is fixed to be µ = 1, the chiral point of [29] . For N = 8 with SO(N ) gauge symmetry it was found in [17, 25] that |µ | −1 = 3 for one non-vanishing component of the compensator and a formula for p components where some of the values correspond, perhaps accidentally, to various interesting TMG solutions. The conjecture that µ is always fixed in such a superconformal description with N ≥ 4 was confirmed in [27] . The method there is algebraic and relies on the formalism of N -extended superspace [19, 20] and conformal superspace [21, 22] and was used to show that µ = 1 for N = 4. It will be employed here to determine the values of µ for 4 ≤ N ≤ 8 and all possible deformations due to the presence of additional gauge degrees of freedom and couplings. The result agrees with and extends the values obtained so far in the literature.
In section 1 we give the preliminaries for curved superspaces, scalar multiplets, topologically massive gravity and Chern-Simons gauging. In the subsequent sections we analyse each model with N -extended supergravity, leading to the results outlined above, as well as obtaining on-shell equations for the gauge and supergravity sectors.
Superconformal geometry and scalar compensators
While Chern-Simons-matter theories can be viewed as genuine rigid supersymmetric theories on their own right it is sometime convenient to interpret the matter fields as compensators for the superconformal geometry. One benefit of this is that one can use superconformal calculus as we do below. Another feature is that it straightforwardly leads to topologically massive supergravities. In this section, as a preparation for the classification of models in the remaining sections, we review the superconformal approach.
Conformal superspace and anti-de Sitter superspace
N -extended superconformal geometry can be formulated in terms of N -extended superspace [19, 20] (see also [17] ), a curved supermanifold with locally gauged Lorentz and SO(N ) R-symmetry involving super-Weyl invariant constraints on the torsions, or conformal superspace [22] , where the whole superconformal algebra is gauged as the starting point.
The first formalism, extensively applied here, was used in [30] to describe anti-de Sitter superspace, where the Lorentz vector fields and the covariant derivatives of the scalar fields forming the torsions are assumed to vanish. In this case, the algebra of spinor derivatives reduces to
where N KL and M αβ denote the R-symmetry and Lorentz generators respectively. The totally antisymmetric tensor W IJKL is the super Cotton multiplet contributing for N ≥ 4 and 
In conformal superspace, on the other hand, the algebra of covariant spinor derivatives reads {∇
where the special conformal curvatures have been omitted, since those and all higherdimensional field strengths are expressed by derivatives of the super Cotton tensor W IJKL . In the present analysis this formalism will only be used to identify the physical dimensiontwo SO(N ) field strength,
Restricted to adS superspace, this formula applies to the geometry described by D I α , because the extra gauge fields are assumed to vanish.
Scalar on-shell multiplets and equations of motion
The matter fields transform under spin(N ), whose generators are subject to the Lie algebra
The Clifford algebra of spin matrices
provides a solution as
From the point of view of irreducible representations, the most natural realisation of the spin matrices γ I for N = 2m and N = 2m + 1 is given by the chiral representation, which can be constructed iteratively as
whereγ generate the N = 2m − 1 dimensional Clifford algebra and each element consists of m factors of 2×2 matrices. For even N = 2m, the generators of spin(N ) are block-diagonal and commute with the matrices
which are projectors on the irreducible representations. These are called left-and righthanded and transform under the generators provided by the chiral Clifford algebra
where
In this case, fields transforming under the chiral generators will be referred to as chiral spinors, whereas those transforming under the reducible generators will be called Clifford spinors.
The algebra (1.1) acting on a Lorentz scalar transforming under spin(N ) reads 2
2 In the following, Σ I is written for spin matrices and may be replaced byΣ I or γ I where appropriate.
In terms of on-shell superfields, the spinor derivative of the scalar is [17, 27] 
In order to obey the supersymmetry algebra, the derivative of Λ α must then be of the form
where H I is subject to the equation
The general ansatz for H I is
where A, B are constants to be determined using properties of the spin matrices. As will be shown in the corresponding sections, for N ≤ 6 this is possible with the supergravity sector being off shell. For N = 7 and 8 it is only possible if the super Cotton tensor is expressed on shell by matter fields (and further, if these are flavoured a solution only exists only in the presence of the corresponding gauge sector). Being equipped with a solution for H I , the equation of motion for the spinor field Λ α can be obtained by closing the supersymmetry algebra. From the parametrisation (1.14) it follows
Commuting the derivatives and keeping only the scalar torsion one finds, using
Then it can be read off (with, schematically,HQ = H)
Acting with D J β , antisymmetrising in βγ, and discarding non-scalar background fields, finally leads to the scalar equation of motion
(1.20)
Topologically massive gravity
The action of topologically massive gravity with cosmological constant reads [31] 
The superconformal generalisation of this action involves the gravitinos, auxiliary components from the super Cotton tensor and a Chern-Simons term for the SO(N ) gauge fields which is given by [22] 
The Einstein-Hilbert term of the TMG action can be realised by a conformal compensator φ with the action
where the derivatives are covariant with respect to SO(N ) and the trivially acting Lorentz group (and possibly other gauge groups)
The correct Einstein-Hilbert term is produced if the compensator φ is chosen such that 25) which is possible by a Weyl transformation. With this coupled compensator, the super Cotton tensor obtains a non-trivial on-shell equation of motion. It can be assumed that 26) where λ = µκ 2 is the Chern-Simons coupling constant and c is a combinatorial number fixed below. This form is the only possible due to the dimensions of the available fields and-indeed-calculating the field strength with the formula (1.4) yields the form of a scalar current F
where φ is the leading component of Q. On the other hand, the scalar current can be read off from the kinetic term in the conformal compensator action (1.23), while the field strength is related to this current via the equation of motion for the gauge fields from (1.22)
This determines c, leading to the conclusion
With the above results it is possible to determine µ . Imposing Q to be constant, the supersymmetry algebra requires the super-Weyl gauge 3
where we note that an equivalent condition is H I = 0. Solving for K and proceeding as in [27] one finds |µ |
The value of |µ | −1 is now expressed for general N in terms of the Fierz identities for the rank-four Clifford matrices. The result is
where it must be noted that for N = 6 the formula had to be adjusted due to an additional U(1) R R-symmetry factor without which the theory would not be consistent as will be explained in section 6.
Gauge theory
Gauging a flavour group of the form F × G with the scalar Q transforming in the bifundamental representation produces a right-acting and a left-acting field strength term subject to the constraint (see e.g. [20] and references therein)
and obeying the Bianchi identity
The equation for H I in the spinor derivative of Λ β is now
The condition for accordance of a gauge group with supersymmetry is tantamount to the existence of a non-zero solution for H I of this equation. The ansatz
generally cannot be solved in this off-shell form; however, the field strengths can be specified regarding their algebraic properties by using their on-shell equations [17] . Given the dimensions of the available fields, these must be rank-two bilinears of the scalars. This agrees with the Bianchi identity and the multiplet projection on the physical dimension-two field strength
which has the form of a scalar current. The right-and left-acting field strength terms are expressed in terms of the scalars as
where a, b are the coupling constants and τ A , σ A are the generators of the right-and leftacting group factor, respectively. We note that the convenient ordering of Q andQ in the right-acting term is opposite to the usual ordering in the kinetic term for the coupled scalar. Therefore, the Chern-Simons current obtains a relative minus sign for N = 6, 7 and 8 where the bilinears are antisymmetric as for example
In the case of a fundamental representation we have the field strength term
Depending on the group, Fierz-like identities for the generators can be used. The chosen conventions and the resulting field strength terms for the classical gauge groups are presented in the table below (the exceptional cases as in [11] will also be considered). Calculating Σ [J H I] in terms of these on-shell expressions will reveal the structure of allowed gauge groups. 2 N = 1 and N = 2
As a warm-up we discuss the gauging of a scalar multiplet in flat superspace for N = 2 and 3. 4 N = 1 gauge theory in three dimensions has been discussed in well-known literature [33] and we have nothing more to add. For N = 2, the Clifford algebra is realised by the chiral representation of the spin matrices
4 Off-shell Yang-Mills multiplets coupled to conformal supergravity in three spacetime dimensions for N ≤ 3 can be found in [32] .
with the chiral blocks
The generator of spin (2) is
and its fundamental representation is reducible into two scalars Q andQ transforming under U(1) and its complex conjugate respectively. Equation (1.34) is easily solved for H I in terms of a complex number
Any (bi-)fundamental gauging can be implemented in this way.
N = 3
The spin matrices are
and the generators proportional to γ 12 , γ 13 and γ 23 are those of spin(3) = SU(2). The group indices are raised and lowered as v a = ε ab v b and v a = v b ε ba where the values of the metric tensor are the entries of
One can easily show the identity
Rather than substituting on-shell field strengths into (1.35) it is simpler to directly write down the most general rank one tensor cubic in the Clifford spinor denoted by q and its conjugateq
The brackets {.} encapsulate the group index structure. Since, for the case of a bifundamental representation, there are two free indices, one can have in principle nine terms
In fact, d 2 will always vanish and some of the other terms are usually redundant. 5 The invisible indices are appropriately contracted. For a fundamental representation we define
For groups possessing a rank-four invariant, further terms have to be included where the free index is situated at this tensor. This will be relevant for some exceptional groups. Using (3.3) we then find
Only the terms which are rank-two bilinears in q andq can contribute to a field strength. The others must cancel out through the choice
Since the left-and right-acting terms have independent coefficients, any bifundamental or fundamental gauging is possible by choosing the appropriate coefficients in (3.5) or (3.6) according to the table 2. We note in passing that upon deleting γ 3 in the above equations, the same procedure and result applies to N = 2 Clifford spinors.
N = 4
This is the minimal number of supersymmetries for which non-trivial constraints on the possible gauge groups as well as the mass of the graviton in toplogically massive gravity are obtained. The left-and right-handed spin matrices are now given by
The spin group is SU(2) L × SU(2) R where the two factors are associated with the indices i andī respectively. For the rank-four element it holds that
Flavour gauging
An ansatz for H I which involves only the left-handed scalar reads
From this it follows that
where B has been set to zero without loss of generality and the spinor indices have been rearranged using
in order to obtain field strength terms. 6 The others must be cancelled by choosing A = C, leading to
which, in turn, needs to be compatible with (1.34) for closure of the supersymmetry algebra. Applying (3.5) we find that a general possibility which avoids field strength terms inconsistent with table 2 is taking only c 3 non-zero. In other words one has to consider
where the products are understood as matrix products with the bifundamental indices. Then, the products U(M ) × U(N ) and SU(N ) × SU(N ) with opposite couplings a = −b are naturally consistent with (4.7), which may be collected into the expression SU(M ) × SU(N ) × U(1) • where the U(1) charge is constrained by −q 2 = a(
) so that it cancels the gauge traced bilinear terms from the SU(N ) factors. 7 For these one has Ac 3 = a, resulting in the solution for H I
The only other combination is Sp(M ) × SO(N ) with opposite couplings and the reality condition
This leads to
Another possibility is to consider also a term supplemented to (3.5) involving an invariant tensor C ijkl . In this case, the second group factor has to be SU(2) in order to write
where total antisymmetry of C ijkl and reality of Q have been assumed. Since the left-acting symplectic SU(2) requires the presence of an orthogonal term from the right-acting factor, the generators of the right-acting group must fulfil
This is the case for spin(7) (and its subgroup G 2 ) [11] . The solution reads
Let us now investigate the possibility of a fundamental representation. In this case one has (setting c 3 = 0 and A = 1)
where the lower sign holds for symplectic groups. Comparing with table 2, we find that fundamental representations are possible for the groups
with the U(1) charges being restricted as indicated. These two are equivalent to the above bifundamental Sp(N ) × SO(2) and
Clifford spinors
If a right-handed scalar is included in the theory, the ansatz for H I,m must be extended by terms like (Σ I )m m Q mQī Qī and (Σ I )k k QkQ k Qm. However, the field strength would be proportional to (QΣ
for which the conditions producing the left-handed bilinear still would have to apply, leading to the same possible gauge groups. For a more compact description and in prospect of supersymmetry enhancement to N = 5, one can use reducible Clifford spinors
with the corresponding spin matrices
and the metric
acting by the rules
We note that, upon including γ * as γ 5 , the above realises the spin matrices of N = 5. Moreover, the metric C ab coincides with the metric of spin(5) = USp(4). The general ansatz for H I a in terms of q a is then 8 
For illustration, the E-term can be worked out in terms of SU (2) spinors. Using the identity 23) it follows that
The second line holds, because terms cubic in Q's of the same handedness cancel identically. Thus, we see that by virtue of their two-component properties bilinears of Q naturally lead to the corresponding bilinears of q. The other terms lead to similar structures and must be arranged such that 25) representing the same situation as for the chiral spinors. The solutions for H I are now
They can be written in the compact form 26) with the appropriate coefficients specified above.
In the next section we will recognise that enhancement to N = 5 supersymmetry is implicit here, since the above formalism follows trivially from the one for N = 5 by removing γ 5 .
Coupling to supergravity
Referring to (1.29) the super Cotton tensor W IJKL ≡ W ε IJKL is given by
The algebra for pure supergravity (1.12) then becomes
and the corresponding solution for H I sg is
A constant solution for Q corresponds to H I sg = 0 and leads to µ = 1 as shown in [27] and as implied by the formula (1.31). 9 When gauging a flavour symmetry, the super Cotton tensor is expressed as a trace over gauge indices, which clearly is compatible with the above solution for the supergravity sector. The complete solution is then
where H I cs is the contribution from the gauge sector of the desired gauge group. This causes a deformation of µ in terms of the coupling a for the groups with fundamental representation.
We note that there is no other solution H I than the above sum, which would both represent the supergravity sector and generalise the gauge groups found in flat superspace.
N = 5
Let us begin by recalling the SO(5) spin matrices (γ I ) j i in the chiral representation
These generate the spin group USp(4) with invariant symplectic form
Indices are then raised and lowered as
where ε ij and ε ij are the components of ε. The spin matrices with upper and lower indices are antisymmetric and related by the dualisation
This can be used to prove the formula
Using antisymmetry and the Clifford-algebra one derives the Fierz identity
Finally, the dualisation properties of the rank-two and -four elements are given by
Flavour gauging
For bifundamental scalars, the general ansatz for H I k is
From this, γ [J H I] can be calculated using (5.5). Without loss of generality, one can choose the condition D = F = B = 0 and further A = C = −E in order to cancel all terms which cannot contribute to a field strength. The remaining is
Recalling the discussion in section 4 we the see that the possible gauge groups are the same as for N = 4. The solution for H I is then of the form
This clarifies the enhanced N = 5 supersymmetry of the N = 4 Clifford spinor, for which all of the above equations (and (5.5), especially,) still hold if we restrict the SO(5) index to the range I = 1, ..., 4.
Coupling to supergravity
The super Cotton tensor is W I = 1 4! ε IJKLM W JKLM and the algebra for pure supergravity becomes {D
In order to obtain H I sg , the ansatz (equivalent to (1.16))
is inserted into (1.15), which yields X = −Y = −1. The on-shell super Cotton tensor is given by
in terms of which H I sg becomes
where |.| denotes the trace over gauge indices. For the determination of µ , we set H I sg on shell to zero and solve for K. For this, the contraction γ I H I sg has to be evaluated using the Fierz identity. This leads to terms proportional toq i q i q m and q i q iqm , where it is implicitly assumed that q i is non-vanishing only for one flavour index which can always be achieved by a suitable choice of gauge. The former has the form of the compensator term appearing in K, whereas the latter can be handled as follows: Since the metric ε ij consists of block diagonal 2 × 2 ε-symbols, one can choose for the compensator q 3,4 = 0, leading effectively to a two dimensional object with the metric ε 2×2 . Then one can use the formula
valid for such objects to write the problematic terms in the form of the compensator term. With this choice we then find that |µl| −1 = 3 /5.
In terms of the on-shell super Cotton tensor, the supergravity equation (1.15) reads
which is compatible with the above solution for H I sg . Adding the on-shell ansatz for H I sg to the ansatz for H I cs from the gauge sector, we find no solution that reproduces this equation while generalising the gauge groups already known from the flat case. The gauge sector can lead to deformations of µ if two gauge components are chosen non-zero for the fundamental matter representations. This behaviour will be treated in the subsequent sections for the theories with higher N , where it will lead to more interesting results.
N = 6
This theory is interesting, on one hand due to its relation to M2-branes [6, 7] and also because in this model the coupling to supergravity allows for new flavour gauge groups both in the bifundamental and in the fundamental representation. To see this we first recall the chiral representation of the spin matrices with the adjustment, that the N = 5 matricesγ I with lower and upper indices are used as the chiral blocks as
Basic identities are
(6.5) and the dualisation of the rank two element is
Flavour gauging
Using (6.5) we calculate Σ [J H I] in close analogy to N = 5 and find the condition A = B = −C, so that we are left with 10
This leads to the solution (cf. [17] )
known from N = 4 and N = 5 only this time with the absence of bifundamental Sp(M ) × SO(N > 2) gauging, since a reality condition is not possible for the complex SU (4) spinors. This agrees with the classification of [10] . The case of Sp(M ) × SO(2) (corresponding to the results of [9] and [7] ) is equivalent to the fundamental Sp(M ) × U(1) • gauging. Again, restricting the range of I gives an a posteriori demonstration of the supersymmetry enhancement from N = 4 to N = 5 and (with the mentioned exception) to N = 6.
10 With this conventional ordering of Q andQ the two field strengths in the algebra have the same sign; however, the physical Chern-Simons currents will have opposite signs since QΣ IJQ = −QΣ IJ Q corresponding to the ordering in the kinetic term.
Clifford spinors
In view of a possible enhancement to N = 7, we now analyse a possible realisation of these models in terms of a Clifford spinor. We define
An ansatz for H I has to involve terms with γ IK γ K and γ * , as opposed to N = 4 where these terms were superfluous. Working out such an ansatz in terms of the chiral components of the above Clifford spinor, one finds that there remain terms incompatible with the field strengths which cannot be cancelled. In order to move around this obstacle it is necessary to impose the Majorana condition Q i = P i and further to assume the bifundamental gauging of real SU(2) × SU(2) whereq v v = ε vw qw w εwv (6.11) so that the identity
applies. 11 However, this is only manifest in a real basis for the Majorana spinor. To this end we perform the transformation q −→ U · q (6.13)
This defines a real representation since the generators are block-diagonal and it holds that(Σ IJ Q) * =Σ IJQ . Accordingly, the spin matrices are changed to
These are all imaginary and antisymmetric and, with γ * = γ 7 , provide a real representation of spin (7). The index of q a can now be raised and lowered with the metric δ ab . The Fierz lemma is 16) which is equivalent to
where the manifest symmetries are indicated. It can be derived
As suggested by (1.35) and the Fierz identities, a more than sufficient ansatz is
, most constants can be set to zero while the others are related by
Using the properties of SU(2) × SU(2), this can be written as
The couplings are then −a = −b = 3 2 G and the solution reads
which will be discovered in the next section to be identical to the solution for N = 7.
Coupling to supergravity
The super Cotton tensor is W IJKL = 1 2 ε IJKLP Q W P Q . Since spin(6) = SU(4) has no real representation the algebra of the supergravity sector (1.12) must be extended to include a U(1) R field strength dual to the super Cotton tensor [17, 34] , i. e.
whereq is the U(1) R charge of Q. For H I sg we find
The on-shell super Cotton tensor is 25) so that
Then, from H I sg = 0 and one non-vanishing gauge component, it follows µ = 1 in agreement with [18] .
In order to include the gauge sector we recall the condition (1.15) from the supergravity sector in terms of scalars
The ansatz H
Adding the corresponding ansatz (6.7) for H I cs of the gauge sector for bifundamental scalars, the system can be solved again.
As a result, the coupling to supergravity admits the new possibility SU(N ) × SU(M ) with equal couplings a = b. For N = M these solutions reduce to the SU(N ) × SU(N ) case with independent gauge and pure supergravity sectors.
Since the compensator term in K is gauge-traced, only one entry of the bifundamental matrix Qr r can be non-vanishing. In consequence, µ is deformed in terms of a and f N M .
For fundamental representations we find SU(N ) × U(1) where the U(1) is arbitrary (as opposed to the flat case) with X = − i 2 and
and
The sum is
This Yang-Mills contribution implies a deformation of µ in terms of a and N . For the particular example a = − λ 8 one has
This can be used to obtain different values for µ depending on how many of the SU(N ) components are chosen to be non-zero. One can take them as Q i α = vδ i α (as in [25] treating N = 8) where α = 1, ..., p ≤ 4. This leads to the formula
This model is interesting since it can be coupled to gravity only after gauging the bifundmental flavour symmetry. On the other hand, coupling to gravity leads to new gauge groups in the fundamental representation. In the previous section a real representation of spin (7) was constructed from a reducible Majorana representation for N = 6. Explicitly it is given by
It can be read off
Using the Fierz lemma
one can derive the useful identities 12
12 The first one can be used to calculate µ with the formula given in the beginning.
The spin matrices are related by the dualisations
Flavour gauging
Noting that there is no closed form for the contraction γ I ab γ I cd we need to include more terms in the ansatz for H I than before. As suggested by the off-shell form (1.35) and the Fierz identities it is sufficient to write
(7.6)
, one is forced to set G = −D, H = −F and E = 0 in order to cancel the terms involving γ
kl and further to choose C = H, A = −G, G − H = B. Finally, we take H = 0 without loss of generality. This leads to
The last term can only be dealt with in the case of real SU(2) × SU(2) so that
Then one can take
which is the same as for the N = 6 Majorana spinor if the value I = 7 of the free index is excluded and the term in the contraction with K = 7 is extracted in terms of γ * . There is no solution for a fundamental gauge group.
Coupling to supergravity
The super Cotton tensor is
The ansatz
This time, there is no solution for H I in this off-shell form. On shell, with 7.14) and for the ansatz For a flavoured scalar, we add the ansatz H I sg for the supergravity sector to the ansatz H I cs for the gauge sector and evaluate again Σ [J H I] . For bifundamental matter it turns out that real SU(2) × SU(2) remains the only possibility. In this case the gauge traces can be turned into matrix products in the bifundamental indices so that
where we have set some coefficients to zero without loss of generality and further G = B = −D. It can be seen that the field strength terms of the gauge sector also have to contribute to the supergravity sector. This leads to the relation for the couplings a − b = 
Giving an expectation value to one of the spin(7) components implies |µ | −1 = 2.
Regarding fundamental gauge groups, it is expected that SU(N ) is a possibility at least for N = 2 since a or b can be set to zero in the above bifundamental gauging. Indeed, for SU(N ) × U(1) it is found a solution where the coupling is completely fixed by the gravity coupling a = − λ 8 and the charge is constrained as q 2 = λ 16 (N − 2). The corresponding solution for H I reads
For SO(N ), a field strength term can be provided entirely by the supergravity sector, with a = − λ 16 and
Then, also spin (7) or G 2 can be gauged by employing the invariant rank-four tensor in the ansatz for the gauge sector leading to the term
The spin matrices of N = 7 are taken as the chiral blocks (Σ I ) iī and (Σ I )ī i for N = 8, namely
so that (Σ I ) T =Σ I . We note the "triality relation" 13
It indicates that interchanging the role of the SO(8) indices with that of one of the spin(8) matrix indices specifies new spin matrices solving the Clifford algebra. For the superspace it is then formally possible to let the spinor coordinates transform under one of the spin (8) representations while the scalar multiplet carries an SO(8) vector index. The resulting, algebraically equivalent formalism was used for the BLG model, especially. We will repeat the following treatment in this "trialised version" in the appendix.
Flavour gauging
The ansatz for H I is very similar to the one for N = 7 and the relevant Fierz identity needed to calculate
which may be derived by enhancing the N = 7 identities to include Σ 1 =Σ 1 = 1. The general ansatz for H I is then
Again, one finds the sole possibility of real SU(2) × SU (2) and
The equivalence to the solution with explicit SO(7) covariance is totally obvious. For a fundamental representation there is no solution.
Comment on supersymmetry enhancement
This concludes a line from the N = 4 to the N = 8 chiral theories. Supersymmetry enhancement in this framework has two aspects. The first one, from the N = 4 Clifford theory via N = 5 to the N = 6 chiral theory and similarly from N = 6 Majorana to N = 8 chiral, means that one can extend the index range of the SO(N ) vector index I in the supersymmetry transformations
without changing the form of these equations, i.e. the form of H I in particular. The second one concerns the critical transition from N = 4 chiral to N = 4 Clifford and similarly for N = 6. Here, it is crucial whether it is possible to construct a Clifford doublet from two chiral spinors while keeping the structure leading to the allowed gauge symmetries. For N = 4 this is naturally the case, which is owed to the two-component properties of the chiral spinors and to the fact that both spin(4) and spin(5) (i.e. spin(4) Clifford) are symplectic groups. A different case occurs from N = 6 chiral to N = 6 Clifford. Due to the complexness of spin(6) = SU(4) it turns out that a doublet of two SU(4) spinors has very different algebraic properties than a single spinor. The only case where one can implement a gauge symmetry is real SU(2) × SU(2) which can be realised by imposing the Majorana condition on the Clifford spinor. This real representation then extends to N = 7 and 8 as discussed above.
Coupling to supergravity
The super Cotton tensor is now self-dual and the supergravity equation continues to be
provides no solution off shell since
In terms of the on-shell super Cotton tensor
the super Cotton term reads
while the ansatz becomes
and implies
Assuming an unflavoured scalar leads to X = 1 14 and
Taking H I sg = 0 leads to |µ | −1 = 3. For a flavoured scalar we again add the on-shell ansatz of the gauge sector to the one for the supergravity sector. It becomes apparent that for bifundamental matter the only possibility remains real SU(2) × SU(2) in which case
where the gauge traces have been rewritten as matrix products in the bifundamental indices. One finds a solution where the couplings must fulfil a + b = −3C and a − b = λ 4 and
This can be rewritten in terms of traces which gives |µ | −1 = 3 for one non-vanishing spin(8) component. For a fundamental representation at least SU(2) should be possible, as a or b can be set to zero in the above bifundamental gauging. Indeed, more generally for SU(N ) × U(1) it is found a = − 
For SO(N ), the field strength term is contained in the supergravity sector with the coupling a = − λ 8 . It follows
This leads to the formula already discovered in [25] |µ
where p ≤ 8 is the number of non-vanishing entries of the matrix Q α i = diag(v, ..., v, 0, ..., 0). Finally, for spin(7) or G 2 one has
Conclusions
In this paper we have elaborated on the on-shell superspace formulation of Chern-Simonsmatter theories with and without coupling to supergravity, introduced in [17] . The strength of this formalism is that the classification of such theories is to a large extend reduced to representation theory of the spin(N ) R-symmetry group and therefore provides a unifying view on theories with different numbers of supercharges. Moreover, it readily provides the matter equations of motion useful for model building. While confirming (and correcting some) results in the previous literature and revealing the relation between models with different numbers of supercharges within our construction, we completed the classification of such models by a number of new consistent theories coupled to supergravity, for N = 6, 7 and 8 in particular. We hope that some of these models will be useful in string/M-theory.
We also found a plethora of new topologically massive gravity models with enhanced supersymmetry and determined the masses of the graviton in these theories. Perhaps, this can be a good starting point for analysing the non-perturbative consistency of topologically massive gravity.
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A N = 8 in the trialised version
Pure supergravity
The supercoordinates now transform under spin(8) and the scalar multiplet under SO (8 .10) This means that, thanks to the second term, the algebra is not consistent if the super Cotton tensor is off shell. On shell, due to its symmetry and tracelessness, the super Cotton tensor is of the form [17] C IJ = C Q (I Q J) − 
Setting H ij = 0 leads to the relation
whereCλ ≡ C. In order to specify the constant C, the equation of motion for the SO(8) gauge field has to be determined. The third component of the super Cotton tensor in the trialised version is given by − 
Flavour gauging
The supersymmetry algebra for a gauge group F × G is
The condition for H reads
The ansatz is 15H
It is found immediately B = C = D = 0 and thus
The third term can be dealt with if F × G is taken to be real SU(2) × SU(2) [17] . The solution is then −a = −b = 3 2 Ac 3 and (cf. [17] )
For a fundamental representation their is no solution.
Coupling to supergravity
In the case of gauge transforming scalars,H sg cannot be solved separately. The two sectors must therefore be added in advance 15 An off-shell ansatz cannot be solved.
